HESSIAN AND GRADIENT ESTIMATES FOR THREE 
DIMENSIONAL SPECIAL LAGRANGIAN EQUATIONS 
WITH LARGE PHASE 
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Abstract. We derive a priori interior Hessian and gradient estimates 
for special Lagrangian equation of phase at least a critical value in di- 
mension three. 



1. Introduction 

In this paper, we establish a priori interior Hessian and gradient estimates 
for the special Lagrangian equation 

n 

(1.1) arctan Xj = @ 

1=1 

with (the phase) |0| > tt/2 and n = 3, where Aj are the eigenvalues of the 
Hessian D'^u. 

Equation (1.1) is from the special Lagrangian geometry [HL]. The La- 
grangian graph (x, Du (x)) C x is called special when the phase 
or the argument of the complex number (l + \/—lXij • • • (l + ^/—lXn) is 
constant G, that is, u satisfies equation (1.1), and it is special if and only 
if {x,Du{x)) is a (volume minimizing) minimal surface in M" x M" [HL, 
Theorem 2.3, Proposition 2.17]. Note that equation (1.1) with n = 3 and 
|G| = 7r/2 or vr also takes the following forms respectively 

(T2 (D'^u) = A1A2 + A2A3 + A3A1 = 1 

or 

(1.2) Au = detD^u. 

We first state the following interior Hessian estimates. 

Theorem 1.1. Let u be a smooth solution to (1.1) with |0| > 7r/2 and 
n = 3 on Bfi{0) C M^. Then we have 



\D^u{0)\ < C(3)exp 



C(3) ( cot ^ ^] max \Du\'^/R^ 
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and also 



\D'^u{0)\ < C{3) exp <^ C(3) exp 



C(3) max \Duf/R^ 



The above 0-independent Hessian estimates make use of the following 
Hessian estimate for the three dimensional special Lagrangian equation (1.1) 
with the critical phase |0| = 7r/2. 

Theorem 1.2 ([WY2]). Let u be a smooth solution to (1-1) with \Q\ = tt/2 
and n = 3 on -Br(O) C M^. Then we have 



\D'^u{0)\ < C(3)exp 



C(3) max \Du\^/R^ 



In order to link the dependence of Hessian estimates in the above theorems 
to the potential u itself, we have the following gradient estimate in general 
dimensions. 

Theorem 1.3. Let u be a smooth solution to (1-1) with \@\ > (ra — 2) | on 
53r(0) C R". Then we have 



(1.3) 



max \Du\ < C in) 
Br{0) I - ^ ^ 



osc — + 1 

B3r(0) R 



One quick consequence of the above estimates is a Liouville type result for 
global solutions with quadratic growth to (1.1) with |9| = 7r/2 and n = 3, 
namely any such a solution must be quadratic (cf. [Yl], [Y2] where other 
Liouville type results for convex solutions to (1.1) and Bernstein type results 
for global solutions to (1.1) with |0| > (n — 2) 7r/2 were obtained). Another 
application is the regularity (analyticity) of the C° viscosity solutions to 
(1.1) with |e| > tt/2 and n = 3. 

In the 1950's, Heinz [H] derived a Hessian bound for the two dimen- 
sional Monge-Ampere type equation including (1.1) with n = 2; see also 
Pogorelov [PI] for Hessian estimates for these equations including (1.1) with 
|0| > 7r/2 and n = 2. In the 1970's Pogorelov [P2] constructed his famous 
counterexamples, namely irregular solutions to three dimensional Monge- 
Ampere equations a3{D'^u) = A1A2A3 = dct(L'^ti) = 1; see generalizations 
of the counterexamples for ak equations with A; > 3 in Urbas [Ul]. In 
passing, we also mention Hessian estimates for solutions with certain strict 
convexity constraints to Monge-Ampere equations and ak equation (k > 2) 
by Pogorelov [P2] and Chou-Wang [CW] respectively using the Pogorelov 
technique. Urbas [U2][U3], also Bao and Chen [BC] obtained (pointwise) 
Hessian estimates in term of certain integrals of the Hessian, for ak equa- 
tions and special Lagrangian equation (1.1) with n = 3, B = tt respectively. 

A Hessian bound for (1.1) with n = 2 also follows from an earlier work 
by Gregori [G], where Heinz's Jacobian estimate was extended to get a 
gradient bound in terms of the heights of the two dimensional minimal 
surfaces with any codimension. A gradient estimate for general dimensional 
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and codimensional minimal graphs with certain constraints on the gradients 
themselves was obtained in [W], using an integral method developed for 
codimension one minimal graphs. The gradient estimate of Bombieri-De 
Giorgi-Miranda [BDM] (see also [Tl] [EG] [K]) is by now classic. 

The Bernstein-Pogorelov-Korevaar technique was employed to derive Hes- 
sian estimates for (1.1) with certain constraints on the solutions in [WYl]. 
A slightly sharper Hessian estimate for (1.1) with n = 2 was obtained 
by elementary methods in [WY3]. The Hessian estimate for the equation 
(72 [D^u) = 1 in dimension three, or (1.1) with |9| = 7r/2 and n = 3 was 
derived by "less" involved arguments in [WY2]. 

The heuristic ideas for Hessian estimates are as follows. The function 
6 = In + A^ax is subharmonic so that b at any point is bounded by its 
integral over a ball around the point on the minimal surface by Michael- 
Simon's mean value inequality [MS]. This special choice of b is not only 
subharmonic, but even stronger, satisfies a Jacobi inequality. Coupled with 
Sobolev inequalities for functions both with and without compact support, 
this Jacobi inequality leads to a bound on the integral of b by the volume of 
the ball on the minimal surface. Taking advantage of the divergence form of 
the volume element of the minimal Lagrangian graph, we bound the volume 
in terms of the height of the special Lagrangian graph, which is the gradient 
of the solution to equation (1.1). 

As for the gradient estimates, we adapt Trudinger's method [T2] for 
equations to (1.1) with the critical phase 9 = (n— 2)tt/2. Gradient esti- 
mates for (1.1) with larger phase 6 > (n — 2) 7r/2 are straightforward conse- 
quences of the observation that the Hessians of solutions have lower bound 
depending on the phase B. In order to obtain the uniform gradient estimates 
independent of the phase @, we make use of the Lewy rotation, which links 
the corresponding estimates to the ones in the case of the critical phase. 

Lewy rotation is also used along with a relative isoperimetric inequality 
to get another key ingredient in our proof of the Hessian estimates, namely 
a Sobolev inequality for functions without compact support, in the super 
critical phase case. 

As one can see, our arguments for the Hessian estimates resemble the 
"isoperimetric" proof of the classical gradient estimate for minimal graphs. 
Now only some technical obstacles remain for Hessian estimates for (1.1) 
with large phase |0| > (n — 2) Tr/2 and n > 4. Yet further new ideas are 
lacking for us to handle the special Lagrangian equation (1.1) with general 
phases in dimension three and higher, including (1.2) corresponding to = 
and n = 3. 

Notation, dij = ^ g , , Ui = dijU, etc., but Ai,--- , A„ and bi = 



In Y^l + Af , 62 = (^In y^l + Af + In \/l + A^j /2 do not represent the partial 
derivatives. The eigenvalues are ordered Ai > • • • > A^ and 6i = arctauAj. 
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Further, hijk will denote (the second fundamental form) 

_ 1 1 1 

when D^u is diagonalized. Finally C (n) will denote various constants de- 
pending only on dimension n. 

2. Preliminaries 

Taking the gradient of both sides of the special Lagrangian equation (1.1), 
we have 

n 

(2.1) Y.9''dij{x,Du{x)) = 0, 

where ('7*-') is the inverse of the induced metric g = (gij) = I + D^uD^u on 
the surface (x,Du{x)) C M" x M". Simple geometric manipulation of (2.1) 
yields the divergence form of the minimal surface equation 

Ag {x,Du{x)) = 0, 

where the Laplace-Beltrami operator of the metric g is given by 



1 n 



Because we are using harmonic coordinates AgX = 0, we see that Ag also 
equals the linearized operator of the special Lagrangian equation (1.1) at u, 

n 

The gradient and inner product with respect to the metric g are 

(n n \ 

k=l k=l J 

n 

{'VgV,'Vgw)g = ^ g'^ViWj, in particular \V gvf' = {'VgV,'Vgv)g . 

2.1. Jacobi inequality. We begin with some geometric calculations. 

Lemma 2.1. Let u be a smooth solution to (1.1). Suppose that the Hessian 
D^u is diagonalized and the eigenvalue Ai is distinct from all other eigen- 
values of D^u at point p. Set bi = In y^l + Af near p. Then we have at 
V 

n 

(2.2) |VAl' = E^?^m 

k=l 
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and 

(2.3) 
(2.4) 

(2.5) 



A,6i 



(l + A?)/im+E 

A;>1 



2Ai 



Ai — Afc Ai — Afc 



+ 



'■kkl 



+E 

fc>i 
fe>j>i 



^ ^ 2Ai ^ Af(Ai + Afc) 
Ai — Afc Ai — Ajfc 



llfc 



1 + A2 l + A? 



Ai — Afc Ai — Aj 



+ (Aj- + Ajfc) 



Proof. We first compute the derivatives of the smooth function bi near p. 
We may imphcitly differentiate the characteristic equation 

det(L>\ - All) = 

near any point where Ai is distinct from the other eigenvalues. Then we get 

at p 



deXi = deUu, 
deeXi = deeUu + 2 



fe>l 



Ai - Afc 



with arbitrary unit vector e G 
Thus we have (2.2) at p 



n / \ \ 2 n 

fc=l V-L + ^l / fc^^ 



where we used the notation hijk = sf^^sj g^^ V g'^^Uijk- 
From 



deebl = (?ee In W 1 + A| 



Ai 



1 + A^ 



deeXl 



1 - A 



;b(5eAl)^ 



we conclude that at p 

deeh = ^ 

and 

n 
7=1 



9ee«ll + y^2 



fe>l 



(^e^lfc) 

Ai — Afc 



(1 + XI) 



(1 + A?)' 



(2-6) =E^^^rf3^h77-n + i:2f 

7=1 -'■ V A;>1 



Afc 



" 1 X2 
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Next we substitute the fourth order derivative terms dj^uu in the above 
by lower order derivative terms. Differentiating the minimal surface equation 
(2-1) ES,/3=i f = 0' obtain 

n n n 

a,P=l a,/3=l a,/3,7,i5=l 

n 

(2.7) = ^ g'"'g^f'{Xa + Xp)Ual3iUaPj, 
a,/3=l 

where we used 

n 

£ = 1 

with diagonalized D^u. Plugging (2.7) with i = j = 1 in (2.6), we have at p 



A,6i 



Ai 



1 + 



11 



Q,/3=l 



7=1 fe>l 



" 9X h -I- X2'| " 

= Ai X + + E E A - A ^ T^i + E (1 - hli,, 

a,l3=l fe>l7=l ^ 7=1 

where we used the notation hijk = \f^^-\/ g^^ \J g'^'^Uijk- Regrouping those 
terms h(y(yi, hu^y, and /ic^jjn in the last expression, we have 



A,b, = (1 - A?) hj,, + ± 2A,A«Ci + E ^ 



Al — \k 



kkl 



+ y: 2Ai(a. + x,)hi,, + ^ (1 - a?) hi,, + 



k>l 



k>l 



k>l 



nki 



k>j>l 



After simplifying the above expression, we have the second formula in Lemma 
2.1. □ 

Lemma 2.2. Let u he a smooth solution to (1.1) with n = 3 and 6 > 7r/2. 

Suppose that the ordered eigenvalues Ai > A2 > A3 of the Hessian D'^u 
satisfy X\ > A2 at point p. Set 



61 = In ^/TT^^ = In ^1 + Af 
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Then we have at p 

(2-8) Agh > ^|V,6i|2. 

Proof . We assume that the Hessian D^u is diagonahzed at point p. 

Step 1. Recah 9i = arctan G (-7r/2, 7r/2) and 61 + 62 + 93 = e> 7r/2. 
It is easy to see that ^1 > ^2 > and 6i + 6j >0 for any pair. Consequently 
Ai > A2 > and Aj + Aj > for any pair of distinct eigenvalues. It follows 
that (2.5) in the formula for Agbi is positive, then from (2.3) and (2.4) we 
have the inequality 



(2.9) A,6, > A? U,^^ ^ftL>) + a; i: (1 + ^) 



life- 



Combining (2.9) and (2.2) gives 

1 
3 



A„6i --|Vg6i|2 > 



2(Ai + 2Afc) 2 



\ fe>i ^ / fe>i ^ 



Step 2. We show that the last term in (2.10) is nonnegative. Note that 

Ai + 2Afc > Ai + 2A3. Wc only need to show that Ai + 2 A3 > in the case 
that A3 < or equivalently 63 < 0. From + 6*2 + ^3 = 6 > '/r/2, we have 

It follows that 

-i-=tan(^3 + f)>2tang-^,)=A, 

then 

(2.11) Ai + 2A3>0. 



Step 3. We show that the first term in (2.10) is nonnegative by proving 

(2.12) hi,, + j^-hh, + j^-hh, > 0. 

o Ai — A2 Ai — A3 

We only need to show it for A3 < 0. Directly from the minimal surface 
equation (2.1) 

hin + h22i + /i-331 = 0, 

we bound 

2A2 ,9 \ / 3 Ai — A2 



(2 2A \ /3 



2A 



2 



MICAH WARREN AND YU YUAN 



It follows that 



2^2 



2X2 ,2 

I in 



/tQQI — 



1, -v ■"221 + "i; ^""■sai 

Ai — A2 — A3 



^/,2 I 2A2 2 



1 + 



2A, 



Ai — A3 



3 Ai — A2 
2 2A2 



The last factor becomes 
2A3 



1 + 



Ai — A3 



3 Ai — A2 
2 ^ 2A2 



<72 



(Ai - A3) As 



> 0. 



The above inequality is from the observation 



ReJ]^ (1 + = 1 - C72 < 



1=1 

for 37r/2 > 6*1 + 6*2 + 6*3 = © > 7r/2. Therefore (2.12) holds. 

We have proved the pointwise Jacobi inequality (2.8) in Lemma 2.2. □ 

Lemma 2.3. Let u he a smooth solution to (1.1) with n = 3 and > 7r/2. 
Suppose that the ordered eigenvalues Ai > A2 > A3 of the Hessian D^u 
satisfy A2 > A3 at point p. Set 



62 = ^ (In a/1 + A? 



f + ln0TAi) 



Then 62 satisfies at p 

(2.13) Agb2 > 0. 

Further, suppose that Ai = X2 in a neighborhood of p. Then 62 satisfies at p 
(2.14) 



Ap62 > ^|Vg62r 



Proof. We assume that Hessian D'^u is diagonalized at point p. We may use 
Lemma 2.1 to obtain expressions for both In y^l + Af and A^, In yT+Af, 
whenever the eigenvalues of D^u are distinct. Prom (2.3), (2.4), and (2.5), 

we have 



(2.15) 



A^lnWl + Af + Agln^l + A^ = 



(1 + A?)^?n + E^^f^4^^i- + E 



k>l 

+2Ai 



Ai — Afc 
I + A.2 



1 + Af + 2Ai 



+ 



k>l 

1 + ^2 /X 
T f + (A3 + A2) 

Ai — A2 



Ai — A3 

+ (l + A^)/^i22 + E ''f !^''^ ^^^2 + E 



'■321 



fc^2 
+2A2 



A2 — Ajfc 

l + Aj ^ 1 + A^ 
A2 — A3 A2 — Ai 



k=^2 



l + + 2X2 



1 + AiAfc 
Ai — Xk 



1 + A2Afc 
A2 — Xk 



nife 



22fe 



+ (A3 + Ai) 



''■321 • 
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The function 62 is symmetric in Ai and A2, thus 62 is smooth even when 
Ai = A2, provided that A2 > A3. We simphfy (2.15) to the following, which 
holds by continuity wherever Ai > A2 > A3. 

2 A„ 62 = 



(2.16) 

(1 + Xl)hli^ + (3 + Ai + 2AiA2)/ii2i + 
(2.17) 

+ (3 + A? + 2AiA2)/i?i2 + (1 + Ai)/ii22 + 
(2.18) 
+ 



2Ai ^ 2A^A3 
Ai — A3 Ai — A3 

2A2 



''SSI 



+ 



2A|A3 



3Ai-A3 + A2(Ai + A3) 



Ai — A3 



A2 — A3 A2 — A3 

3A2 — A3 + A2(A2 + A3) 
A2 — A3 



"332 



''■223 



(2.19) 



+ 2 



1 + A1A2 + A2A3 + A3A1 + 



Ai(l + Ai) ^ A2(l + Ai) 
Ai — A3 A2 — A3 



}i 



123- 



Using the relations Ai > A2 > 0, Aj + Xj > 0, and (72 > 1 derived in the 
proof of Lemma 2.2, we see that (2.19) and (2.18) are nonnegative. We only 
need to justify the nonnegativity of (2.16) and (2.17) for A3 < 0. Prom the 
minimal surface equation (2.1), we know 



hl32 = {hu2 + h222f < [(A? + 2AiA2)/iii2 + Ai/ii22] 

It follows that 



+ 



1 



A^ + 2A1A2 A2 



(2.17) > (A? + 2AiA2)/i?i2 + Ai/ii22 + 

> [(A? + 2AiA2)^?i2 + Ai/ii22] 
The last term becomes 



332 



A2 — A3 
2A2A3 



1 + 



A2 — A3 



+ 



A^ + 2A1A2 A^ 



2 / J 



2AiA3 



1 

+ To 



A2 - A3 V 2AiA3 Af + 2A1A2 Ai 



A2 



Ao — A3 



0"2 



A3 



> 0. 



.A1A2 (A1 + 2A2). 

Thus (2.17) is nonnegative. Similarly (2.16) is nonnegative. We have proved 
(2.13). 

Next we prove (2.14), still assuming D^u is diagonalized at point p. Plug- 
ging in Ai = A2 into (2.16), (2.17), and (2.18), we get 



2 62 > 
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2X3 



Ai — A3 



h- 



331 



,2 ,1,2 , 2A3 2 

"''■332 



'^-222 + 



Ai — A3 



Ai + Aj 



(^113 + ^223) • 



Ai — As^ 

Differentiating the eigenvector equations in the neighborhood where Ai = 
A2 

Ai + A2 , 



2 -U, {D^u) V = ^^-^F, and {D^u) W = X3W, 



we see that un^, = U22e for e G at point p. Using the minimal surface 
equation (2.1), we then have 



^llfe = ^22fc = — 2^33fe 



at point p. Thus 



A362 > Xf 



Ai + A3 
Ai — A3 



hn2 + 



Al+A3,^2 



Ai — X? 



The gradient |Vp62p has the expression at p 



1^9^21 

Thus at p 



k=l 



kk 



2(^kUii + 7:T-r-r2^fe"22 



21 + A2 



21 + A^ 



Y^xih 



113 



2 

life- 



fe=l 



Ag62-^|Vg62p > 



A? 



Ai + A3 
Ai — A3 



^?ii + 



1 

3 

Ai + A3 
Ai — A3 
>0, 



Ai + A3 1 1 2 



where we again used Ai + 2A3 > from (2.11). We have proved (2.14) of 
Lemma 2.3. □ 

The following is the first main result of this section. This Jacobi inequality 
is crucial in our proofs of Theorems 1.1 and 1.2. 

Proposition 2.1. Let u he a smooth solution to the special Lagrangian 
equation (1-1) with n = 3 and > 7r/2 on Br. Set 

b = max |ln a/1 + A^^x, , 
with K = 1+ln \Ji + tan^ (® ) . Then b satisfies the integral Jacobi inequality 

(2.20) / - {Vg^, Vgb) dVg>\f ^ \Vgbf dVg 

J Br 3 J Br 
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for all non-negative ip G i^R) ■ 

Proof. If bi = In a/I + A^^ is smooth everywhere, then the pointwise Jaeobi 
inequahty (2.8) in Lemma 2.2 already imphes the integral Jaeobi (2.20). It is 
known that Amax is always a Lipschitz function of the entries of the Hessian 
D^u. Now u is smooth in x, so bi = In ^1 + A^^x is Lipschitz in terms 

of X. If bi (or equivalently Amax) is not smooth, then the first two largest 
eigenvalues Ai (x) and A2 (x) coincide, and bi (x) = 62 (x) , where 62 {x) is the 

average 62 = (in Vl + X'i + In Vl + Ai) /2. We prove the integral Jaeobi 

inequality (2.20) for a possibly singular bi (x) in two cases. Set 

S = {x\ Ai {x) = A2 (x)} . 

Case 1. S has measure zero. For small r > 0, let 

n = Br\ {x\ bi (x) <K} = Br\ {x\ b (x) = K] 
(r) = {x| b (x) = 61 (x) > b2 (x) +T]r\Q. 
0.2 (r) = {x| 62 (a;) < 6 (x) = bi (x) < 62 (a;) + r} n fi. 



Now 6(x) = 61 (x) is smooth in f^i (r). We claim that 62 {x) is smooth in 
^2 (r) . We know 62 {x) is smooth wherever A2 (x) > A3 (x) . If (the Lipschitz) 
62 {x) is not smooth at x* G ^2 (t) , then 

In ^1 + A| = In sJl + Xl > In ^1 + Af - 2t 
> In W 1 + tan2 ( ^ | + 1 - 2t, 



by the choice of For small enough r, we have A2 = A3 > tan (^) and a 
contradiction 



(01 + 02 + 03) (a;*) > e. 



Note that 



= lim 

T-»0+ 



- (VgV?, Vg6) dVg= - {Vgip, V gb) dVg 

Br Jn 

[ -{'^9^,^Sgdvg+ f -(V,9^,V,(62 + r)) 



gdVg 
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By the smoothness of b in Oi (r) and 62 in ^2 {t) , and also inequahties (2i 
and (2.13), we have 



[ - {^9^, Vg5) dVg+ [ - {Vg^, Vg (62 + t)) dVg 

= -ip d^ib dAg + ipAg bidvg 

+ / -ipd^2 {b2 + t) dAg + / if Ag {b2 + t) dvg 

> I -if d^ib dAg + / -(pd^2 (62 + r) dAg + \ \ |Vg6i 

where Ug and Ug are the outward co-normals of dfli (r) and 5^2 (t) with 
respect to the metric g. 

Observe that if bi is not smooth on any part of dQ\dBji, which is the 
if-level set of 61^ then on this portion d^\dBji is also the JC-level set of 
62, which is smooth near this portion. Applying Sard's theorem, we can 
perturb K so that dO. is piecewisc C^. Applying Sard's theorem again, we 
find a subsequence of positive r going to 0, so that the boundaries dQi (r) 
and ^$72 (t) are piecewise . 

Then, we show the above boundary integrals are non-negative. The 
boundary integral portion along 317 is easily seen non-negative, because 
either = 0, or —d^ib > 0, —d^2 (62 + t) > there. The boundary integral 
portion in the interior of Q is also non-negative, because there we have 

6 = 62 + T (and 6 > 62 + t in J7i (r) ) 
-3^1 6 - 8^,2 (62 + t) = di,2b — 8^2 (62 + t) > 0. 

Taking the limit along the (Sard) sequence of r going to 0, we obtain 
^1 {t) 17 up to a set of measure zero, and 

/ - {Vgip, Vgb) dVg 

= ^ - {^9<P, ^9b)g '^'"9>lJ^ I dvg 
= \l W9b?dvg. 

^ J Br 

Case 2. S has positive measure. The discriminant 

p = (Ai - A2)' (A2 - A3)' (A3 - Ai)' 

is an analytic function in Br, because the smooth u is actually analytic (cf. 
[M, p. 203]). So T) must vanish identically. Then we have either Ai [x) = 
A2 (x) or A2 {x) = A3 (x) at any point x G B^i. In turn, we know that Ai {x) = 
A2 {x) = A3 (x) = tan ^ and b = K > bi {x) at every "boundary" point of S 
inside Bji, x G 880 Bji. If the "boundary" set 8S has positive measure, then 
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Ai (x) = A2 (x) = A3 (x) = tan ^ everywhere by the analyticity of u, and 
(2.20) is trivially true. In the case that dS has zero measure, b = bi > K is 
smooth up to the boundary of every component of {x| b (x) > K} . By the 
pointwise Jacobi inequality (2.14), the integral inequality (2.20) is also valid 
in case 2. □ 

2.2. Lewy rotation. The next is the second main result of this section. 
Our proofs of Theorems 1.1 and 1.3 rely on this new representation of the 
original special Lagrangian graph. 

Proposition 2.2. Letu be a smooth solution to (1.1) with Q = (n — 2) 7r/2+ 
6 on Bji{0) C M"". Then the special Lagrangian surface Tl = (x, Du{x)) can 
be represented as a gradient graph SDt = {x,Du(x)) of the new potential u 
satisfying (1.1) with phase = (n — 2)7r/2 in a domain containing a ball 
of radius 

R 

2 cos {5/n) ' 

Proof. To obtain the new representation, we use a Lewy rotation (cf. [Yl], 
[Y2, p. 1356]). Take a U {n) rotation of C" ^ M" x M" : z = g-^-^/^z 
with z = x + y/^^y and z = x + ^/^^y. Because U (n) rotation preserves the 
length and complex structure, 9JI is still a special Lagrangian submanifold 
with the parametrization 



X 

Du 



-X sin - + Du (x) cos ^ 



In order to show that this parameterization is that of a gradient graph over 
X , we must first show that x(x) is a diffeomorphism onto its image. This is 
accomplished by showing that 

x(x°) — x{x^) 



(2.21) 



2 cos S/n 

x^. We assume by translation that x^ 



for any 
Now < (5 < vr, and 6i > 6 



and Du(x(^) = 0. 



|, so n + i cot Sx^ is convex, and we have 



X 



(x") - X (x^) 



= i^(^")r = 



• cos — + Du (x") sin — 
n n 



cos cot S sin — 

n n 



+ [Du (x") + x" cot 5] sin ■ 



n 



X 



sm 



{n-l)5 



sin (5 



+ \Du (x") + x° cot (5r sin 



n 



+ 2- 



Sin -^^ sm 



sin (5 



^ {x",Du (x") +xcot(5) 
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It follows that 971 is a special Lagrangian graph over x. The Lagrangian 
graph is the gradient graph of a potential function u (cf. [HL, Lemma 
2.2]), that is, VJl = {x, Du (x)) . The eigenvalues Aj of the Hessian D'^u are 
determined by 

7i -^df7r(n — l)6n6 
(2.22) = arctanXi = 9i ^ - o + 



n \ 2 n 2 n 

Then 

i=l 

that is, u satisfies the special Lagrangian equation (1.1) of phase (n — 2) tt/2. 
The lower bound on R follows immediately from (2.21). □ 

2.3. Relative isoperimetric inequality. We end with the last main result 
of this section, Proposition 2.3. This relative isoperimetric inequality is 

needed in the proof of Theorem 1.2 to prove a key ingredient, namely a 
Sobolev inequality for functions without compact support. Proposition 2.3 
is proved from the following classical relative isoperimetric inequality for 
balls. 

Lemma 2.4. Let A and A'^ are disjoint measurable sets such that AU A"^ = 
Bi{0) C R". Then 

(2.23) min , |^^|} < C(n) \dA n . 

Proof. See for example [LY, Theorem 5.3.2.]. □ 

Proposition 2.3. Let C ^2 C -Bp C M". Suppose that dist{Cli,dn2) > 
2, also A and A'^ are disjoint measurable sets such that AU A'^ = ^},2- Then 

min{|Anni|,|A^nJ^i|} < C(n)p"|5yln5A^r/"-^ 

Proof. Define a continuous function on fii 

, , \AnBi{x)\ 
Xix) = ,„ . X, ■ 
\Bi{x)\ 

First, suppose that xi^*) = 1/2 for some x* G Qi. Prom the relative 
isoperimetric inequality for balls (2.23) 

< c{n) \dA n dA" n 5i(x*)r/"-^ < c{n) \dA n s^^r/""^ . 



min{|.4n fill, l^l^n Oil} < |fii| < \Bp\ = ^?i^2p" < C(n)p" n 5^^r/"~S 



Now 

Id 

M n .0,1 1. n Qi 11- < IQJ <- I RJ = J-^ ^ 

and the conclusion of this proposition follows. 

On the other hand, suppose that for all x G fii, xi^) 7^ 1/2. Then either 
xix) < 1/2 on fii, or xi^) > 1/2 on fix. Without loss of generality we 
assume that x(^) < 1/2 on fii. Cover ^2 by C{n)p^ balls of unit radius, 
Bi{xi). Consider the subcover which covers fii; each ball in this subcover 
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is completely contained inside O2. Thus we may apply (2.23) to each ball 
in this subcover and obtain 

\A n Bi{xi)\ = mm{\ An Bi{xi)\ ,\A^ n Bi{xi)\} < C(n) |5A n 9^'^!'*/"-^ 
Summing this inequality over the subcover, we get 

C(n)p" 

\Anni\< J2 \AnBi{xi)\<C{n)p'"C{n)\dAndA''\''/''-\ 
1=1 

Again, the conclusion of this proposition follows. □ 

Remark. Considering dumbbell type regions, we see that the order of 
dependence on p is sharp in Proposition 2.3. 

3. Proof Of Theorem 1.2 

For completeness, we reproduce the proof of Theorem 1.2 here. We as- 
sume that R = A and u is a solution on B4 C for simplicity of notation. 
By scaling u(jx)/(j) ,we still get the estimate in Theorem 1.2. By 
symmetry, we assume without loss of generality that = tt/2. 

Step 1. By the integral Jacobi inequality (2.20) in Proposition 2.1, b is 
subharmonic in the integral sense, then b^ is also subharmonic in the integral 
sense on the minimal surface SPt = (x, Du) : 

J - (VpV', Vgt^)^ dVg = J- {Vg (36V) - GbifVgb, Vgb)^ dVg 

(3.1) > J (ipb'^ \Vgb\^ + 6b(p |Vg6p) dvg > 

for all non-negative ip G Cq°, approximating b by smooth functions if neces- 
sary. 

Applying Michael-Simon's mean value inequality [MS, Theorem 3.4] to 
the Lipschitz subharmonic function b^, we obtain 

6 (0) < C (3) ( [ b^dvg^ ' <C{3)( [ b^dvg^ ' , 

where 05^ is the ball with radius r and center (0, L>it(0)) in x M^, and 
Br is the ball with radius r and center in M^. Choose a cut-off function 
G Cq° (B-i) such that <^ > 0, = 1 on Bi, and < 1.1, we then have 

[L - (I ^°''*'") - a ° ■ 

Applying the Sobolev inequality on the minimal surface 9JT [MS, Theorem 
2.1] or [A, Theorem 7.3] to (fb^^'^, which we may assume to be by ap- 
proximation, we obtain 

1/3 



dVg. 
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Splitting the integrand as follows 

2 



26V2 



where we used 6 > 1, we get 



6 (0) < C (3) 



B2 



dVn 



<C {?>)(! ip^\Vgb\^dVg+ [ b\Vgip\^dV, 
\JB2 JB2 

< C (3) + C (3) f||Dn||i^(53) + ll^^lli-(B4) 



step 2 



step 3 



Step 2. By (2.20) in Proposition 2.1, h satisfies the Jacobi inequality in 
the integral sense: 

3A,5>|V,6|^ 

Multiplying both sides by the above non-negative cut-off function if G 
Cq° (^2) , then integrating, we obtain 

/ if^ \Vgb\^ dvg<3 cp"^ Ag bdvg 

J B2 B2 

= -3 / {2ipVgip, Vgb) dVg 
JB2 

^''\Vgb\^dVg + lS f \VgV\' 

^ J Bo J Bo 



dv„. 



It follows that 
(3.2) 

'B2 JB2 
Observe the ( "conformality" ) identity: 
1 1 1 



/ |V^6P dVg < 36 / \Vg^\^ dVg. 

J Bo J Bo 



2 ' 1 , \2 ' 1 . \2 / ^ = (^1 - ^1, 0-1 - A2, (Ti- A3) 



3 

where we used the identity V = W_\J (l + A?) = ai — with (72 = 1. We 

i=l 

then have 

3 2 3 

(3.3) \Vg^\^ dvg = ^ ^^Vdx = {Di^f (^1 - Ai) dx 



1 + A 

1=1 " 

< 2.42 A u dx. 



1=1 
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Thus 



/ |Vg6p dvg < C (3) / Au dx 

Jb2 

<C(3)pu||ioc(B2). 

Step 3. By (3.3), we get 

/ b\Vg<f\'^dvg <C{3) bAudx. 
J B2 -B2 

Choose another cut-off function i/j G Cq' {B3) such that ^ > 0, V' = 1 on 
B2, and \Dtp\ < 1.1. We have 



/ 6 A udx < tpbA udx = - {bD^j + ^jDb, Du) dx 

JB2 Jbs JBz 

< P^*IIloc(B3) [ {b + V \Db\) dx 

< C (3) ||£'u||ioo(B3) / (6 + \Db\) dx. 

J B-i 



Now 



b = max jln v^TTA^^, < A^ax + K < Xi + X2 + X3 + K = Au + K, 

where A2 + A3 > follows from arctan A2 + arctan A3 = | — arctan Ai > 0. 
Hence 

f Ma;<C(3)(l + ||L'w||^^(53)). 
J B3 

And we have left to estimate J^^ \Db\ dx : 
[ \Db\dx< [ 

JB-i Je 



E7r^(l + Af) (l + Al) (l + Ai)cZ. 



Vgb\ Vdx 



B,. 



< 



Bs 



\Vgb\^ Vdx 



1/2 



Vdx 

Bs J 



Repeating the "Jacobi" argument from Step 2, we see 

/ \Vgb\^Vdx<C{3)\\Du\\r^oo^s,)- 
J B3 

Then by the Sobolev inequality on the minimal surface 9Ji, we have 



B3 



Vdx= f dvg< f 4>^dvg < C (3) ( f \Vg^\'^dvg^ , 
Jbs JB4. \Jba J 
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where the non- negative cut-off function (p G (B^) satisfies (p = 1 on B3, 
and ID^I < 1.1. Applying the conformahty equahty (3.3) again, we obtain 



/ |Vg^!>|^ dvg < C (3) / Audx<C (3) \\Du\\^^,b 
Thus we get 

f Vdx<C{^)\\Du\\l^^B^^ 



and 



/ 



Bz 

\Dh\dx < C(3) ||£'n||^oo(s^) 



In turn, we obtain 

/ h |Vg(^|^ dvg < C (3) K pu||^oc(B3) + P^lli-(i?3) + P^lli-(S4) 
J B2 

Finally collecting all the estimates in the above three steps, wc arrive at 
(3.4) Amax (0) < exp C (3) {\\Du\\^^^^^-^ + \\Du\\l^^^^-^ + \\Du\\l^^^^^ 

<C(3)exp[c(3)p«|lioc(B4) 
This completes the proof of Theorem 1.2. 

4. Proof Of Theorem 1.1 

As in the proof of Theorem 1.2, we assume that R = 8 and m is a solution 
on Bs C for simplicity of notation. By scaling v (x) = u (-fx) / (■^) , 
we still get the estimate in Theorem 1.1. We consider the cases when = 
7r/2 + (5 for 5 G (0, tt) . The cases < — 7r/2 follow by symmetry. 

Step 1. As preparation for the proof of Theorem 1.2, we take the phase 
7r/2 representation 9Jt = {x,Du{x)) in Proposition 2.2 for the original spe- 
cial Lagrangian graph 9Jt = {x,Du{x)) with x G B^. The "critical" repre- 
sentation is 



(4.1) 
Define 



X = x cos I -I- Du {x) sin | 
Du = —X sin I -I- Du {x) cos | 



^r=x{Br{Q)). 

Then we have from (2.21) 

(4.2) dist(ni, 5O5) > ^ > 2. 

2 cos 0/3 

We see from (4.1) that |a;| < p for x G with 

S 6 

(4.3) p = 8cos- + p«||^oo(B8)Sin- 



(4.4) K = Ssin - + ||D'u||^oo(B8i cos ■ 



1 + cot - 
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and that \Du {x)\ < k (for x G Og) with 

^ „„ „ 6 
3' 

The eigenvalues of the new potential u satisfy (2.22) and the interior Hessian 
bound by Theorem 1.2 

\D^u{x)\ < C(3)exp [C{3)k^] 

for X £ O5. It follows that the induced metric on 9Jt = {x,Du{x))in x 
coordinates is bounded on ils by 

(4.5) dx'^ <g{x)< nin, S)dx'^, 
where 

r r / .x2i 

(4.6) /x(k, 5) = min <^ 1 + C(3) exp [C{3)k^] , 

Step 2. Relying on the above set-up and the relative isoperimetric inequal- 
ity in Proposition 2.3, we proceed with the following Sobolev inequality for 
functions without compact support. 

Proposition 4.1. Let u he a, smooth solution to (1-1) with G = tt/2 + 5 on 
-65(0) C M^. Let f be a smooth positive Junction on the special Lagrangian 
surface 9Jt = {x, Du (x)) . Then 

[ \{f - dVg] ^'<C(3)pV('^,5) / \Vg{f-L)+\dVg, 

JBi J JBs 

where p, k, and fx were defined in (4-3), (4-4), o,nd (4-6); also t = /g^j-g) fdx. 

Proof. Step 2.1. Let M = We may assume i < M. By Sard's 

theorem, the level set {x\ f{x) = t} is for almost all t. We first show 
that for all such t G [l, M] , 

(4.7) |{x| fix) >t}nBi\g< C(3)p6 S)\{x\ fix) =t}n Br,\gf^ . 

(Here | 1^ and | |^ denote the area or volume with respect to the induced 
metric; | | denotes the ones with respect to the Euclidean metric as in Lemma 
2.4 and Proposition 2.3 .) 

Prom t > J^^ fdx, it follows that \{x\ f{x) > t} Ci Bi\ < 1 and conse- 
quently 

(4.8) \{x\ fix)<t}nBi\>\Bi\-l>l. 

Now wc use instead the coordinates for 9Jt = (x, Duix)) given by the Lewy 
rotation (4.1). Let 

At = {x\ fix) >t}n n^, 

where we are treating / as a function on the special Lagrangian surface 971. 
Applying Proposition 2.3 with (4.2) and (4.3), we see that 

min{|Atnni| ,|At^nJ^i|} < Ci3)p^\dAtndA^tf^. 
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Now either [74^ H < |Aj n , or vice versa. 
If n < n Qi| , then we have from (4.5) 

\At nni\. < HK,5)f^ \At nni\ 

< C{3)p^ HK,s)f^ \dAt n dA^tf^ 

<C(3)/>3 [ii{K,5)f^\dAtndA'ifJ\ 
Otherwise, if n Oi| > |Af n , still we have that 

as n Oil > 1/2^ from (4.8) and (2.21), and p > 8cos | from (4.3). Thus 

l^tnOil. < [n{K,s)f/^c{3)p^\A^tnni\ 

<C{3)p'^[fi{K,5)f'\dAtndAl\f. 

In either case we have the desired isoperimetric inequality (now given in the 
new coordinates for SDt ) which holds for 6 < t < M 



\Atnni\. <C{3)p^ p{K,6)\dAtndA^t\ 



3/2 



or equivalently (4.7) in the original coordinates. 

Step 2.2. With this isoperimetric inequality in hand, the following proof 
is standard (cf. [LY, Theorem 5.3.1]). 

1 2/3 



/ |(/- 
JBi 



0" 



|3/2 



dVn 



(f-M-L 
\{x\ fix) -L>t}nB 



X 2/3 



< 



M- 



\{x\ fix)-i>t}nBi}\'JUt 



< C(3)pV('^, S) / fix) = t}n B^\gdt 

Jo 

<Ci3)p^piK,6) [ \Vgif-i)+\dVg, 



'B5 

where the last inequality followed from the the coarea formula; the second 

inequality from (4.7); and the first inequality from the Hardy-Littlewood- 
Polya inequality for any nonnegative, nonincreasing integrand r] (t) : 



/ V{t)'dt'i < f riit) 
Jo J Jo 



dt. 



This H-L-P inequality (with g > 1) is proved by noting that sr] (s) < 
Jq 7] {t) dt and integrating the inequality 



q[sr]is)f ^v{s) <q 



f\it) 
Jo 



dt 



q-l 



J] is) = 



ds 



l\it) 
Jo 



dt 



The proposition is thus proved. 



□ 
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Step 3. We continue the proof of Theorem 1.1. As in the proof of Theorem 
1.2, we take 

b = max |ln V'iH-AI^, Kq | with Kq = 1 + In ^1 + tan^ ' 

Based on Proposition 2.1, a calculation similar to (3.1) shows that the Lip- 
schitz function [{b — is weakly subharmonic, where t = 



bdx. 

We apply Michael and Simon's mean value inequality [MS, Theorem 3.4] to 
obtain 



(6-0+(0)<C(3) 



1(6-.)- 



1 3/2 



dVn 



2/3 



< C{3)p^h{k, 5) [ \Vg{b - dVg, 

J B-, 



where the second inequality follows from Proposition 4.1, approximating 
(6 — <,)+ by smooth functions if necessary. Thus 



6(0) < C(3)pV(«, <^) / \'^gb\dvg+ [ bdx 

Jbs Jbs 

<C{3)p'^h{k,6) (^J \Vgb\'^dvg^ (^j Vdx^ +j Vdx 
(4.9) <C{3)p'^ii{K,d) [ Vdx 

JBe 

where wc have used the Jacobi inequality in Proposition 2.1, and a similar 
calculation leading to (3.2) in the proof of Theorem 1.2. 

Step 4. We finish the proof of Theorem 1.1 by bounding Jg^ Vdx. Observe 



V =\{l + V^Xi) ■■■{! + V^Xs)\ 
We control the integral of (72 in the following. 



/ (T2dx= I ^ ( 

t/ Bj- «/ Br 



AuY - \D^u 



2..|2 



£72 - 1 

Ices 01 



dx 



> 0. 



div [{Aul-D^u) Du] dx 
J / {{Aul - D'^u) Du,u) dA, 

2 JdB^ 



where u is the outward normal of Br- Diagonalizing D^u, we see easily that 

A2 + A3 



Aul - D^u 



A3 + A1 



A1 + A2 



> 
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as Oi + > with 6*1 + 6*2 + 6*3 > 7r/2. Then 

/ a2dx < \\Du\\]^oo(^QB^) / ^udA. 

Integrating the boundary integral from r = 6 to r = 7, we get 

/ aodx < WDuWrootFi ^ min / AudA 
J Be ^""''remJoBr 



< \\Du\ 



Audx 



< C(3) \\Du\\l^^s^y 
It follows that for > 7r/2 

Vdx = / ((72 -l)dx< 

IcosB cos 6 



Be 



ei 



a2dx 



^ C{3) „^ 2 



or 



(4.10) 



/ 

J Be 



Vdx < 



C{3) 



IcosQI \\Du\ 



\Du\ 



L°°(B8) 



In order to get 6-independent control on the volume, we estimate the 
volume in another way. By the Sobolev inequality on the minimal surface 
9Jl [MS, Theorem 2.1] or [A, Theorem 7.3], we have 



Vdx 



dvg < / (p'^dvg < C (3) 
JB7 



IJBr 



Ng4>\ dVg 



where the nonnegative cut-off function (f) G Cq' {B7) satisfies cf) = 1 on Bq 
and \D<f)\ < 1.1. 

Observe the (conformality) identity again 



1 



1 



1 + A^ 



2' '1 + A2 



V = 



<73 



sin ((Ti — Ai) + cos 9 I 1 — — , • • • , sin (cri — A3) + cos 6 1 — -^ 



0-3 



Ai 

which follows from differentiating the complex identity 

3 

In + arctan Aj = In [l — (T2 + a/— T (ai — (73)] . 

i=l 



A3 



HESSIAN ESTIMATES 



23 



We then have 



3 2 

J Br J Br ^ + \ 

< 1.21 / [2 sin 9(71 + cos 9 (3 - (72)] dx 

J Br 

< C (3) |sin9| ||-Dtt||2,oo(5g) + |cos9| ||Dw||^o 



for 9 > 7r/2, where we used the argument leading to (4.10). Thus we get 
(4.11) 



/ Vdx < C(3) |sin9| ^^00(^3) + |cos9| j;^oo(Bg) ||-Du||^oo(Bj 

J Be, 



1 3 



Now either I cos 91 \\Du\ 



(4.10) and (4.11), we have in either case 

Vdx < C(3) ^1x11^00(^3 



< 1 or |cos9| ll-D'ull^oo(Sg) ^ combining 



/ 



Finally from the above inequality and (4.9), we conclude 

b{0)<Ci3)p^fi{K,6)\\Du\\l^^Ss) 

< C(3)/ pu|||oc(B3) min 1 1 + C(3) exp [C{3)k^] , 1 + (^cot ^ 

Exponentiating, and recalling (4.3), (4.4) and (4.6), we have the 9-independent 
bound 

\dM^)\ < C(3)exp{c(3)exp [c(3) pu||^oo(B^)] } 
and the 9-dependent bound 



\d\{0)\ < C(3) exp <^ C(3) 



1 + cot 



n 4 



1 + \\Du\\l^^Bs 



Sin ■ 



|-^'"llL°°(Bg) 



Simplifying the above expressions, we arrive at the conclusion of Theorem 
1.1. 

5. Proof of Theorem 1.3 

We assume that = 1 by scaling u (Rx) /-R^, and 9 > (n — 2) 7r/2 by 
symmetry. 

Case 9 = (n — 2)7r/2. Set M = oscb^u. We may assume M > 0. By 
replacing u with u — min ti + M, we have M < u < 2M in Bi . Let 

w = T] \ Du\ + Au^ 

with T] = 1 — \xf and A = n/M. We assume that w attains its maximum 
at an interior point x* G Bi, otherwise w would take its maximum on 
the boundary dBi and the conclusion would be straightforward. Choose 



24 MICAH WARREN AND YU YUAN 

a coordinate system so that D^u is diagonalized at x*. We assume, say 
Un > -y^^ (> 0) at X*. For alH = 1, • • • , tt,, we have at x* 

= Wi = rj \Du\ - + r/i \Du\ + 2Auui, 

then 

UiUii ,^ , riilDul + 2Auui 
(5.1) ^ = = -^^^^ 

In particular, we have u„„ < by the choice of A. Since the phase > 
(n — 2) 7r/2, it follows that = Amin, |An| < Afe, and 



(5-2) 5"" = :^ > 79 = 5^* 

^ ^ 1 + A2-1 + A2 

for /r = 1 , • • • , n — 1 at a;* . 
Next, we show 

AgU > 0. 

When is diagonalized, 

AgU = X: c^m = E ^ = I E sin(20,)- 

i=l i=l * i=l 

Let 5 C be the hypersurface (with boundary) given by 

S=[9\ei + 92 + --- + 0n = lin-2), \ei\ < |} , 

where 9 = {9i, ■■■ ,9n). Set T(e) = i J27=i sin(26'i). Suppose that T obtains 
a negative minimum on the interior of S at 9*. At this point DT vanishes 
on Tq*S, thus we have 

cos(26'i) = cos (26'j) , then 9i = ±9j. 

The only two possible configurations for 9 are 

(n - 2) TT 



2n 



or 



TT 

^1 = • • • = ^n-2 = 9n-l = —9n- 

In cither case, T is nonnegativc. This contradiction allows us to verify the 
nonnegativity of T along the boundary dS. It follows easily that F > there 
by induction on dimension n, as 

n 

dS=\J [9\9i + --- + 9k + --- + 9n = ^{n-3), \9i\ < |} 

k=l 

and r (^1, 92) = for 9i + 92 = 0. 
Further, we show 

Ag \Du\ > 0. 
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We calculate 



n 



A,\Du\-^g d^,\Du\- + 

a,l3=l a,l3,i=l \ 

n I n 

D^u is diagonal ^ (l^^l''^) 

where we used the minimality equation (2.1). 

Combining the subharmonicity of u and \Du\ with (5.2) and (5.1), we 
have at x* 

n n 

> Agw = \Du\ Ag r? + 2 V g'^'^rja \Du\^ + V \Du\ + 2Au Ag « + 2A V ^""ti^ 

a=l a=l 

n n 

> \Du\ A, r? + 2 ^ ff""^a|i^^L + 2^ E 

a=l a=l 

?7 T] n 

It follows that 

2^ 

> -2nr] - 4 - 8^ii H ri \Du\ . 

n 

Then by the assumption M <u < 2M and A = n/M 

■q \Du\ {x*) < (n + 2 + 8n) M. 

So we obtain 

(5.3) |r>u (0)1 < u; (x*) < 15nM. 

Case > (n — 2) ti/2. Let = (5 + (n — 2) 7r/2. Prom our special La- 
grangian equation (1.1), we know 

0i + (n - 1) I > (n - 2) I + (5 or > -| + (5. 

We can control the gradient of the convex function u{x) + \ max {cot 5, 0} 
by its oscillation, thus 

(5.4) |Du(0)| < osc+Jmax{cot5,0} . 

In order to get rid of the 5-dependence in the gradient estimate, we need 
the following. 
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Proposition 5.1. Let smooth u satisfy (1.1) with 6 — (n — l)f = 5 G 
(0, 7r/4) on .62(0). Suppose that 

(5.5) oscu<-—: — -. 

B2 2sin5 

Then 



\Du{^)\ < C{n) |^(gc« + 1 

Proof. We take the Lewy rotation in the proof of Proposition 2.2, to obtain a 
"critical" representation 5Jt = (x, Du (x)) for the original special Lagrangian 
graph 9Jl = (x,Du{x)) with x G B2. Recentering the new coordinates, we 
take 



(5.6) 



X = X cos - + Du ix) sin - — Du (0) sin - 
Du (x) = —X sin ^ + Du (x) cos ^ 



By (2.21) we see that the potential u is defined on a ball in x-space around 
the origin of radius 

R= > 1. 

2cos(^) 

Prom (5.6) and the estimate (5.3) for the critical potential, we have 

\Du{0)\ = ^^^^ <C{n)oscu. 

cos{d/n) Bi 

Next,we estimate the oscillation of u in terms of u. We may assume that 
u{0) = 0. Without loss of generality we assume the maximum of |u| on -Bi(O) 
happens along the positive xi-axis, and even on the boundary dBi. Thus 
we have 

rxi=l 

osc u <2 / Ux^dxi . 

Bi Jxi=0 

In the following, we convert the integral of Ux^ to one in terms of Uxj^, then 
recover the oscillation of u from that of u. 

We work on the xi-yi plane in the remaining of the proof. Under our 
above assumption, the xi-axis is given by the line 

yi = tan xi 

and the curve 7 : (xi,iii(xi)) with < 2 forms a graph over the xi-axis. 
Let Iq be the line perpendicular to the xi-axis and intersecting the curve 7 
at (0, ui (0)) along the yi-axis. The intersection of Iq and the xi-axis (which 
is also the origin of the recentered the xi-yi plane) has distance to the origin 
of the xi-yi plane given by 

(5.7) \ui (0)1 sin ^-^ < (^oscu + ^ cot 6^ sin ^-^ < 1 

by the rough bound (5.4) and the condition (5.5). Now let li be the line 
parallel to Iq passing through the point xi = 1 along the xi-axis. 
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The integral 



Xl=l 



Ux^dxi 



xi=0 



is the signed area between the xi-axis and the curve 7, and lying between 
the lines and li. We convert this to an integral over xi, 



Uxidxi 



P(iirtei-axis) 
P(lf)r\xi-axis) 



ui{xi) — tan 



n 



Xl 



dxi + Ko + Ki, 



where P denotes projection to the xi-axis, and Kq as well as Ki denotes the 
signed areas to the left or right of the desired region, forming the difference. 

It is important to note the following for j = 1, 2 : 

(i) P{lj n xi-axis) is in the xi-domain of ui by (5.7), 

\P{lo n xi-axis)| < 1 • cos 



n 



\P{li n xi-axis)| < (1 + 1) ■ cos 



<1, 

6 



n 



<2; 



(ii) P{lj n 7) is also in the xi-domain of ui as the whole Lagrangian surface 
9Jl is a graph over B2, 

|P(/,n7)|<2; 

(iii) the region Kj is bounded by the line Ij, the vertical line xi = P{lj H xi- 
axis), and the curve 7, also each region Kj is on one side of the xi-axis. 

Thus from (i) 



< oscu + C{n) 
B2 



j-P{l\r\x\-scxis) 








■"1(2^1) ~ tan ( — 1 Xl 


dxi 


J P(/onSi-axis) 







and from (ii) (iii) 



rP[ljn-y] 

JP(/,nsi 



ui{xi) — tan(— )xi 



dxi 



-"(/jflxi-axis) 

It follows that we have the conclusion of Proposition 5.1 
\Du{0)\ <C{n)oscu < C(n) (oscn + 1 



< oscn + C{n). 

B2 



B2 



□ 



We finish the proof of Theorem 1.3. For 6 > 7r/4, the bound (5.4) gives 



|L»u(0)| < OSCU + - < C{n) 
B\ z 



osc n + 1 
B2 



For 5 < 7r/4, if oscsg u < 1/ (2 sin 5) , then Proposition 4.1 gives 



\Du{0)\ < C{n) 



osc u+1 

B2 
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Otherwise, osc^j u> 1/ (2 sin 5) , and from (5.4) 

osc u + 1 . 

B2 

Applying this estimate on B2{x) for any x G -Bi(O), we arrive at the conclu- 
sion of Theorem 1.3. 
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